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Abstract— This paper considers the optimization of static and
dynamic appointments for a sequence of customers with ran-
dom processing times served by a single agent. In the static case,
the problem is to find the appointment times for the customers
that minimize the expected weighted sum of idle time of the
agent, waiting time of the customers, and overtime of the agent.
The dynamic formulation is original. It limits cascading delays
by using warning times, which are defined relative to the start
of a previous job, to tell customers when to arrive for their
job. The problem in this formulation is to find the warning
times which minimize the aforementioned objective. We outline
an algorithmic framework based on infinitesimal perturbation
analysis (IPA) and stochastic gradient descent (SGD) that can
be used to solve both problems. For the static case, we show
that the SGD method converges to a global minimizer with
no assumptions on the joint distribution of the processing
durations. For the dynamic case, we construct a warning time
schedule which provably outperforms the static scheme under
certain conditions. We give empirical evidence of the efficacy
of both approaches using both synthetic data as well as data
collected from a year of elective surgeries at a local hospital.
Our results suggest the validity of the dynamic formulation as
a more cost-efficient solution than the static formulation to the
appointment scheduling problem.

I. INTRODUCTION

In a vast variety of situations, customers make appointments
with an agent performing a specific service. The inherent
tension in scheduling appointments arises from the following
incentives: the agent would like to pack the schedule in order
to minimize the time it spends idle, whereas the customer
would like to spend as little time as possible waiting for the
agent. In the ideal solution for the agent, customers may face
significant delays if previous jobs run longer than expected.
By contrast, in the ideal solution for the customer, the
appointments will be too spaced out and the agent will face
large amounts of idle time. Here, we consider the scenario
with one agent and n jobs in a pre-specified order and aim
to find a reasonable trade-off between these two incentives.

A. Our Contribution

We develop a sample-based stochastic gradient descent
(SGD) algorithm that adjusts the appointment times based
on sampled task durations. We distinguish two situations:
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1) Static Appointments: All customer-arrival times are
fixed prior to the start of the first jobs and remain fixed
throughout the day.

2) Dynamic Appointments: Customer-arrival times are
not fixed before-hand and can vary as the jobs progress.

Our main contribution is the development of an algorithmic
framework that can be used as a solution to both of these
situations. In the case of static appointments, we show that
our algorithm converges to the optimal solution. Our dynamic
formulation is original and is an attempt to mitigate the issue
of cascading delays that occur when the long processing
of a single job delays a series of subsequent jobs. We
construct a dynamic appointment schedule which, under
certain conditions, provably performs at least as well as the
optimal static appointment schedule. We note that in our
formulation the constraints of a single agent and jobs of pre-
specified order is essential and relaxing these requirements
requires non-trivial extension. We believe, however, based on
the simplicity of our approach and the empirical evidence we
provide that our framework could prove useful in the most
general form of this problem.

B. Related Work

The static appointment scheduling problem has been exten-
sively studied for decades. In its most general form, the
problem is difficult to analyze. To deal with this, many
previous works add constraints in order to add more ex-
ploitable structure to the problem. One common way this
is done is by restricting the distribution of service times. For
example, Pegden and Rosenshine [7] considered the problem
of minimizing customer waiting time and overall usage
time in a continuous time, exponential service time setting.
Wang [10] worked on the same problem with the assumption
that service times were from a phase-type distribution e.g.,
exponential, coxian; with these assumptions, he was able to
show that an optimal appointment can be found by solving
a set of nonlinear equations. Bosch, Dietz, and Simeoni [9]
consider customer waiting time and overtime in the problem
formulation and introduced an optimal appointment sched-
ule algorithm with iid Erlang service times. Constraining
service times to be discrete was explored by Begen and
Queyranne [2]. They proved that if the durations only take
on integer values and the objective is L-convex, then the
optimal solution can be found in polynomial time. However,
constraining the service time distribution to be of a certain
type is quite limiting and unrealistic in certain scenarios.



Many other papers outline approaches that use general pur-
pose stochastic optimization methods. Denton and Gupta [4]
approached this problem using a stochastic linear program
and developed distribution-independent upper bounds. They
then use a sequential bounding algorithm to find ε-optimal
solutions for a given static appointment problem. Zhang and
Xie [13] used a stochastic gradient descent method to look at
the multi-agent, multi-customer problem. They proved many
nice features of their objective function, but were unable to
show optimal convergence of their algorithm. Bai, Storer,
and Tonkay [1] also used an SGD approach to empirically
analyze cost savings in a more specific surgery operating
room setting where added constraints were placed on hospital
room capacity.

The work mentioned thus far focuses on determining a fixed
schedule at the beginning of the day. There has been some
work on dynamic scheduling of customers which is related
to our dynamic appointment formulation. Wang [11] studies
the problem of scheduling the (n + 1)st customer after the
schedule of the first n has been set and cannot be changed,
where all service times are exponential. The scheduler tries
to find which jobs the (n+1)st customer should be scheduled
in between. One of the problems Zacharias and Pinedo [12]
considers is the online problem of scheduling appointments
while a set number of jobs scheduled statically beforehand
are being executed. The scheduler optimizes to find the best
appointment time of the new customer given that some part
of the schedule has already been completed. It should be
noted that these dynamic scheduling methods still have a
similar structure to the static appointment counterpart: the
appointment times are defined with respect to the beginning
of the day. Our dynamic appointment formulation attempts
to decouple this dependency by instead defining the appoint-
ment of one job to be relative to the start time of a previous
job.

C. Paper Organization

The rest of the paper is organized in the following manner.
In section II, we formally define the static appointment time
problem, describe our SGD algorithm, and prove that the
aforementioned algorithm converges to the optimal solution.
In section III, we carefully describe the dynamic exten-
sion of the appointment scheduling problem, prove some
performance guarantees of the formulation, and outline our
SGD algorithm for this case. Finally, we provide extensive
empirical evidence corroborating our theoretical results as
well as demonstrating the utility of these algorithms in
section IV.

II. STATIC APPOINTMENT SCHEDULING

We begin by formally defining the static appointment prob-
lem. An agent has an ordered set of n jobs that need to be
completed in the order given; one job must be finished before
the next job can begin. For m = 1, . . . , n, the duration of

job m is a continuous random variable Xm. We make no
assumption on the dependence of these random variables.
Customers are told their appointment time a = (a1, . . . , an)
before any of the jobs begin; appointment times cannot be
changed once they have been given out. Customers will ar-
rive exactly at their appointment time, and the first customer
will always start service at time 0. Thus, we can assume that
a1 = 0. Every customer must wait until all previous jobs
are completed before being served. If a job completes and
the next customer has not arrived yet, the agent must remain
idle until the next customer arrives. The agent begins to incur
overtime past a given time d. Customer waiting times, agent
idle time, and agent overtime are penalized at a cost rate
of α, β, and γ, respectively, to give us the wait cost, idle
cost, and overtime cost; these parameters are all required to
be nonnegative. The problem then is to find the appointment
times a = (a1, . . . , am) that minimize the expected sum of
idle cost, wait cost, and overtime cost.

For our problem, we assume there is an oracle that provides
iid samples from the joint distribution of job durations X =
(X1, . . . , Xn). The start time Sm and the end time Ym of
job m for m = 1, . . . , n are formally defined below. Note
that we do not write explicitly the dependency of Sm and
Ym on a and X for ease of notation.

S1 := 0 Sm := max(Ym−1, am)

Ym := Sm +Xm

The wait cost CW , idle cost CI , overtime cost CO, and
total cost C are formally defined as follows. We omit the
dependency of CW , CI , CO, and C on a and X for ease of
notation. We define (z)+ to mean max(z, 0).

CW := α
n∑

m=2

(Ym−1 − am)+

CO := γ(Yn − d)+

CI := β
n∑

m=2

(am − Ym−1)+

C := CW + CI + CO

Our objective function is the expected total cost: EX[C].

A. SGD for Static Appointment Scheduling

The static appointment SGD algorithm (SA-SGD) is as
follows. Assume that the vector of appointment times is at

at step t of the algorithm. One draws a new sample Xt

of the random vector X. One then calculates the sample
gradient ∇aC(a

t,Xt) with respect to a and takes a step in
the opposite direction of the gradient. That is,

at+1 = at − ηt∇aC(a
t,Xt)

ηt > 0 is the step size, and we set it to be ηt = O(1/
√
t).

This choice is justified in the next subsection. The sample
gradient ∇aC(a

t,Xt) is calculated using Infinitesimal Per-
turbation Analysis (IPA) [5]. This is an analysis of how much
cost would be added if am were slightly increased.

The IPA procedure is illustrated in Figure 1. In particular,
this figure shows the processing of six jobs with their
appointment times {a1 = 0, a2, . . . , a6}. We detail some
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Fig. 1. A realization of the static appointment service
process

cases that outline how the sample gradient is calculated under
different circumstances. Case 1: increasing a2 by δ � 1
increases the idle time before job 2 but decreases the idle
time after job 2 and does not affect waiting times nor the
overtime. Thus, ∂C/∂a2 = 0. Case 2: increasing a3 by
δ � 1 increases the idle time before job 3 and decreases
the idle time after job 4. It also increases the waiting time
of job 4. Thus, ∂C/∂a3 = α. Case 3: increasing a4 and a6
by δ � 1 only decrease the waiting time for job 4 and 6
respectively, so ∂C/∂a4 = ∂C/∂a6 = −α. Case 4: Using
similar observations one finds that ∂C/∂a5 = α+ β + γ.

We introduce some notation to calculate the sample gradient
in the general case. Jobs m that incur no wait cost are called
heads of chains. From the examples outlined above, it is
clear that only heads of chains have the potential to affect
the wait times of jobs after them. Heads of chains will have
an indicator Hm = 1. The jobs (not including job m) that
are affected by perturbing am are said to be part of job
m’s chain. In particular, am affects the start time of job i
if i > m, job m incurs no wait cost, and jobs m+ 1, . . . , i
all incur some waiting cost. Pm will count the number of
jobs (not including job m) affected by a perturbation of am
i.e., the number of jobs in job m’s chain. Only perturbing
the last chain affects the idle cost, so the indicator Lm will
equal 1 for jobs in the last chain. The indicator O will equal
1 if the end time of the last job is greater than d. Using these
indicators, we can observe that the gradient in general is:

∂C

∂am
= Hm(αPm + βLm + γLmO)− (1−Hm)α

As this calculation shows, the sample cost is piecewise
linear in the parameters a with coefficients that belong to
a finite set. It is therefore differentiable almost everywhere.
At the points where it is not, we define ∇aC(a,X) to be
the right derivative. By the bounded convergence theorem,
∇a E[C(a,X)] = E[∇aC(a,X)]. This shows that the ob-
jective is differentiable, and it also justifies our use of the
sample gradient in the SGD algorithm.

B. Convergence to the Optimum for Static Scheduling

To prove the convergence of SGD, we begin by proving the
cost function is convex.

Lemma II.1. CO, CW , CI , C, and E[C] are all convex in a

Proof. We first show Ym is convex in a for all m by
induction; the others follow directly. Y1 = X1 is a constant
function, which is trivially convex. Assume that Ym−1 is
convex, then Ym = max(Ym−1, am) +Xm is also convex.
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a4<latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit><latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit><latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit> a5
<latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit><latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit><latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit>

1
<latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit>

2
<latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit>

3
<latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit>

4
<latexit sha1_base64="xWGuQ1aqtpecUiS3s8UfU2udDKc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJd1W9qbrteqXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/qcIyB</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit>

5
<latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit>

d4
<latexit sha1_base64="wc5HnmtUgW+iWLRRQt18heG/mYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbNqlm03YnQil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemElh0HW/ndLa+sbmVnm7srO7t39QPTx6NGmuGfdZKlPdCanhUijuo0DJO5nmNAklb4ejm5nffuLaiFQ94DjjQUIHSsSCUbTSfdS/7Fdrbt2dg6wSryA1KNDqV796UcryhCtkkhrT9dwMgwnVKJjk00ovNzyjbEQHvGupogk3wWR+6pScWSUicaptKSRz9ffEhCbGjJPQdiYUh2bZm4n/ed0c40YwESrLkSu2WBTnkmBKZn+TSGjOUI4toUwLeythQ6opQ5tOxYbgLb+8SvyL+nXdvbusNRtFGmU4gVM4Bw+uoAm30AIfGAzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AFxGjVg=</latexit><latexit sha1_base64="wc5HnmtUgW+iWLRRQt18heG/mYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbNqlm03YnQil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemElh0HW/ndLa+sbmVnm7srO7t39QPTx6NGmuGfdZKlPdCanhUijuo0DJO5nmNAklb4ejm5nffuLaiFQ94DjjQUIHSsSCUbTSfdS/7Fdrbt2dg6wSryA1KNDqV796UcryhCtkkhrT9dwMgwnVKJjk00ovNzyjbEQHvGupogk3wWR+6pScWSUicaptKSRz9ffEhCbGjJPQdiYUh2bZm4n/ed0c40YwESrLkSu2WBTnkmBKZn+TSGjOUI4toUwLeythQ6opQ5tOxYbgLb+8SvyL+nXdvbusNRtFGmU4gVM4Bw+uoAm30AIfGAzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AFxGjVg=</latexit><latexit sha1_base64="wc5HnmtUgW+iWLRRQt18heG/mYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbNqlm03YnQil9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemElh0HW/ndLa+sbmVnm7srO7t39QPTx6NGmuGfdZKlPdCanhUijuo0DJO5nmNAklb4ejm5nffuLaiFQ94DjjQUIHSsSCUbTSfdS/7Fdrbt2dg6wSryA1KNDqV796UcryhCtkkhrT9dwMgwnVKJjk00ovNzyjbEQHvGupogk3wWR+6pScWSUicaptKSRz9ffEhCbGjJPQdiYUh2bZm4n/ed0c40YwESrLkSu2WBTnkmBKZn+TSGjOUI4toUwLeythQ6opQ5tOxYbgLb+8SvyL+nXdvbusNRtFGmU4gVM4Bw+uoAm30AIfGAzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AFxGjVg=</latexit>

d5
<latexit sha1_base64="Eli/e9vze9mOKww6buHlEeC1XDw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/Uue5WqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6qjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AF3JjVk=</latexit><latexit sha1_base64="Eli/e9vze9mOKww6buHlEeC1XDw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/Uue5WqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6qjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AF3JjVk=</latexit><latexit sha1_base64="Eli/e9vze9mOKww6buHlEeC1XDw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/Uue5WqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6qjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AF3JjVk=</latexit>

a1<latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit> a2<latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit> a3
<latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit><latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit><latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit>

a4<latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit><latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit><latexit sha1_base64="i8MJU9yu4BH/xUaE4lzWUshZpOY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe1f9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V7eNVQ==</latexit> a5
<latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit><latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit><latexit sha1_base64="czK9oesXB7sj6lzBrbmUPjhNZrY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3uXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fWTqNVg==</latexit>

1
<latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit>

3
<latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit>

4
<latexit sha1_base64="xWGuQ1aqtpecUiS3s8UfU2udDKc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJd1W9qbrteqXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/qcIyB</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit>

5
<latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit>

2
<latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit>

a1<latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit> a2<latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit> a3
<latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit><latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit><latexit sha1_base64="D7k5A2sOKAuHpcBV4cKAHKXCxTw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10T3sXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fVjSNVA==</latexit>

1
<latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit>

3
<latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit>

4
<latexit sha1_base64="xWGuQ1aqtpecUiS3s8UfU2udDKc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJd1W9qbrteqXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/qcIyB</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit>

5
<latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit>

2
<latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit>

d3
<latexit sha1_base64="vvKNaIzmS4AyHtYRHD6A0MlwXZM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/UuepWqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6rjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AFrDjVc=</latexit><latexit sha1_base64="vvKNaIzmS4AyHtYRHD6A0MlwXZM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/UuepWqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6rjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AFrDjVc=</latexit><latexit sha1_base64="vvKNaIzmS4AyHtYRHD6A0MlwXZM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDabTbt0swm7E6GU/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLMykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZprxn2WylS3Q2q4FIr7KFDydqY5TULJW+HwZuq3nrg2IlUPOMp4kNC+ErFgFK10H/UuepWqW3NnIMvEK0gVCjR7la9ulLI84QqZpMZ0PDfDYEw1Cib5pNzNDc8oG9I+71iqaMJNMJ6dOiGnVolInGpbCslM/T0xpokxoyS0nQnFgVn0puJ/XifHuB6Mhcpy5IrNF8W5JJiS6d8kEpozlCNLKNPC3krYgGrK0KZTtiF4iy8vE/+8dl1z7y6rjXqRRgmO4QTOwIMraMAtNMEHBn14hld4c6Tz4rw7H/PWFaeYOYI/cD5/AFrDjVc=</latexit>

d2
<latexit sha1_base64="CLA9M/NcddPg5BE/vx4T2LrmcMA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWw2m3bpZhN2J0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZlIYdN1vZ219Y3Nru7RT3t3bPzisHB0/mjTXjPsslanuhNRwKRT3UaDknUxzmoSSt8PRzcxvP3FtRKoecJzxIKEDJWLBKFrpPurX+5WqW3PnIKvEK0gVCrT6la9elLI84QqZpMZ0PTfDYEI1Cib5tNzLDc8oG9EB71qqaMJNMJmfOiXnVolInGpbCslc/T0xoYkx4yS0nQnFoVn2ZuJ/XjfHuBFMhMpy5IotFsW5JJiS2d8kEpozlGNLKNPC3krYkGrK0KZTtiF4yy+vEr9eu665d5fVZqNIowSncAYX4MEVNOEWWuADgwE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/WUCNVg==</latexit><latexit sha1_base64="CLA9M/NcddPg5BE/vx4T2LrmcMA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWw2m3bpZhN2J0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZlIYdN1vZ219Y3Nru7RT3t3bPzisHB0/mjTXjPsslanuhNRwKRT3UaDknUxzmoSSt8PRzcxvP3FtRKoecJzxIKEDJWLBKFrpPurX+5WqW3PnIKvEK0gVCrT6la9elLI84QqZpMZ0PTfDYEI1Cib5tNzLDc8oG9EB71qqaMJNMJmfOiXnVolInGpbCslc/T0xoYkx4yS0nQnFoVn2ZuJ/XjfHuBFMhMpy5IotFsW5JJiS2d8kEpozlGNLKNPC3krYkGrK0KZTtiF4yy+vEr9eu665d5fVZqNIowSncAYX4MEVNOEWWuADgwE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/WUCNVg==</latexit><latexit sha1_base64="CLA9M/NcddPg5BE/vx4T2LrmcMA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWw2m3bpZhN2J0Ip/QlePKh49R9589+4bXPQ1gcDj/dmmJkXZlIYdN1vZ219Y3Nru7RT3t3bPzisHB0/mjTXjPsslanuhNRwKRT3UaDknUxzmoSSt8PRzcxvP3FtRKoecJzxIKEDJWLBKFrpPurX+5WqW3PnIKvEK0gVCrT6la9elLI84QqZpMZ0PTfDYEI1Cib5tNzLDc8oG9EB71qqaMJNMJmfOiXnVolInGpbCslc/T0xoYkx4yS0nQnFoVn2ZuJ/XjfHuBFMhMpy5IotFsW5JJiS2d8kEpozlGNLKNPC3krYkGrK0KZTtiF4yy+vEr9eu665d5fVZqNIowSncAYX4MEVNOEWWuADgwE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/WUCNVg==</latexit>

w5
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Fig. 2. Expected realization (top); Cascade of delays with
static appointment times (middle); Limitation of cascade
with notification times (bottom). a2 and a3 in the bottom
figure indicate that w2 and w3 respectively were used to
simulate static appointments (see III)

CO = γmax(Yn − d, 0) is convex because Yn is convex in
a and the function max(y − d, 0) is convex in y. CW =
α
∑n

m=2 max(Ym−1 − am, 0) is a sum of convex functions
in a and is therefore convex. CI = β (Yn −

∑n
i=1Xm) is

an equivalent way of writing CI because the amount of idle
time is equal to the last completion time minus the total time
spent processing jobs. From this expression, it is clear that
CI is convex. C is convex because it is the sum of convex
functions. We also know that E[C], which is a weighted
average over convex sample cost functions, is convex.

Noting that D can be taken as 24 hours (the amount of time
in a day) and the partial derivative with respect to am is
bounded by the value nα + β + γ, the following statement
follows immediately from Shamir and Zhang[8] Theorem 2
and Lemma II.1. The next theorem proves that static SGD
algorithm converges to appointment times that minimize the
expected cost.

Theorem 1. For F := EX [C] convex and for constants D,
G2 = (nα+ β + γ)

√
n, it holds that E[‖∇aC(a

t,Xt)‖2] ≤
G2 for all a, and supa,a′‖a−a′‖2 ≤ D. Consider SGD with
step sizes ηt = c/

√
t where c > 0 is a constant. Then for

any t > 1, it holds that

E[F (at)− F (a∗)] ≤
(
D2

c
+ cG2

)
2 + log(t)√

t

Note that while our analysis focuses on the case where there
is one α wait cost penalty for all customers, there is no reason
why we could not have different wait time penalties αm for
each individual customer. The optimality and convergence
properties of the SGD also hold in this case.

III. DYNAMIC APPOINTMENT SCHEDULING

A glaring issue that the static appointment scheme cannot
address is cascading delays. Figure 2 illustrates this problem.
The expected schedule of the customers comprise the top
part of the figure. The middle part of the figure shows what
happens if the first job takes longer than expected: it pushes
back the execution of the subsequent jobs and causes the



delays d2, . . . , d5 for those customers. The bottom part of
the figure illustrates the notification times scheme. Instead
of giving a fixed appointment time a4 to customer 4, one
notifies them at time n4 that he should come at time n4+T .
Here, lead time T is the time customers have to arrive for
their job. We assume that it is unrealistic to ask customers
to arrive in a variable amount of time, so we fix T as a
constant. One expects that if T is not very large compared
to the processing times, dynamic appointments will reduce
the cost. The notification time n4 is anchored at some time
during the execution of job 2. Specifically, we set it to be
n4 = min(S2+w4, Y2) where S2 is the start time of job 2 and
Y2 is its completion time. w4 is a parameter to be optimized,
which we will call customer 4’s warning time. As the figure
indicates, if the execution of job 2 is postponed because
of prior delays the appointment time of customer 4 slides
automatically so that his waiting time does not increase. The
situation is similar for customer 5. The job during which the
notification of job j is anchored to called its K-mapping,
denoted by K(j). For instance, in Figure 2, K(4) = 2.

We formalize the notification time problem as follows. An
agent is given a set of n jobs that need to be completed in
the order given. Each customer j will be notified during the
execution of a previous job 1 ≤ K(j) < j. The first job
will start at time 0 (a1 = 0) and will have the K-mapping:
K(1) = −1. All other jobs j > 1 after must have a mapping
of K(j) ≥ 1, and the notification time of those jobs are nj =
min(SK(j)+wj , YK(j)). Thus, the policy is parameterized by
K(j) for j = 2, . . . , n and w = (w2, . . . , wn). Jobs j where
K(j) = 1 can have a wj ≥ −T ; a negative warning time in
this context simulates a static appointment at time wj + T
(e.g., in Figure 2, K(2) = K(3) = 1 is used to simulate the
“static” appointment times a2 and a3). Jobs j where K(j) >
1 must have wj ≥ 0; this is because a negative warning time
when K(j) > 1 requires knowing SK(j) before it is even
realized. The arrival time of customer j is then Rj := nj+T .
Observe that if j < i, then it must be that K(j) ≤ K(i).
Formally:

S1 := R1 := 0

Sj := max(Rj , Yj−1)

Rj := SK(j) +min(XK(j), wj) + T

Yj := Sj +Xj

The wait cost, idle cost, overtime cost, and total cost are the
following. For the sake of brevity, we omit the dependency
of the costs on w and X.

CW := α
n∑

j=2

(Sj −Rj)
+

CO := γ(Yn − d)+

CI := β

n∑
j=2

(Sj − Yj−1)+

C := CW + CI + CO

Unfortunately, in contrast with the static case, the cost is
generally not convex in w even when the K vector is fixed.1

1Consider two jobs, where Pr(X1 = 2) = 1, T = 1, α = β > ε, and
γ = 0. The slope of the cost function with respect to w2 increases from α
to β and then subsequently decreases to ε.

A. Properties

We can observe that for very long lead times (T greater
than the duration of the entire schedule) the dynamic scheme
trivially performs just as well as the static scheme by setting
K(j) = 1 for all j > 1 and then using wj to simulate the
static appointment scheme. To explore how a “short” lead
time performs, we introduce some notation:

Definition III.1 (Simple K-mapping). K(1) = −1 and for
all j > 1, K(j) = j − 1.

We now construct the following lemma (justified by the
newsvendor result in [6]) which will be useful in proving
a performance guarantee:

Lemma III.2 (Optimal 2-job static appt.). Consider a sched-
ule which only contains the j − 1th and jth jobs and
γ = 0. âj , which satisfies the condition Pr(Xj−1 ≤ âj) =
α/(α+ β), is the optimal static appointment time.

Note that âj can be quickly constructed either by using
the static SGD algorithm from this paper or the classic
newsvendor results mentioned above.

Using Lemma III.2, we can quickly form an estimate of the
optimal warning time: ŵ2 := â2 − T and ŵj := (âj − T )+
for j > 2. We now give a performance guarantee for the
dynamic appointment formulation.

Theorem 2. Let OPTstatic, ˆOPT simple, OPTsimple, and
OPTdynamic be the average cost incurred by the optimal
static schedule, the estimate of the optimal simple K-
mapping schedule using ŵ, the optimal simple K-mapping
schedule, and the optimal dynamic appointment schedule
respectively. Assume γ = 0, independent job durations, and
∀j > 2, T ≤ âj , then:

OPTstatic ≥ ˆOPT simple ≥ OPTsimple ≥ OPTdynamic

Proof. Recall that the static appointment cost function:

OPTstatic = min
a

n∑
m=2

EX[α(Sm−1 +Xm−1 − am)+

+ β(am − Sm−1 −Xm−1)
+]

≥ min
a

n∑
m=2

EXm−1
[α(ESm−1

[Sm−1] +Xm−1 − am)+

+ β(am − ESm−1
[Sm−1]−Xm−1)

+]

= min
b

n∑
m=2

EXm−1 [α(Xm−1 − bm)+ + β(bm −Xm−1)
+]

s.t. bm = am − ESm−1 [Sm−1]

≥ min
b

n∑
m=2

E[α(Xm−1 − bm)+ + β(bm −Xm−1)
+]

= min
w

n∑
m=2

E[α(Xm−1 − wm − T )+

+ β(wm + T −Xm−1)
+]

= OPTtemp
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<latexit sha1_base64="xWGuQ1aqtpecUiS3s8UfU2udDKc=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJd1W9qbrteqXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/qcIyB</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit><latexit sha1_base64="LkN9pL/zKwpnmD52d9EyAVWAY3g=">AAAB43icbVBNS8NAEJ3Urxq/qlcvi0XwVBIRrLeCF48VjC20oWy2k3btZhN2N0IJ/QVePKhX/5M3/43bNgdtfTDweG+GmXlRJrg2nvftVDY2t7Z3qrvu3v7B4VHNPX7Uaa4YBiwVqepGVKPgEgPDjcBuppAmkcBONLmd+51nVJqn8sFMMwwTOpI85owaK91fDWp1r+EtQNaJX5I6lGgPal/9YcryBKVhgmrd873MhAVVhjOBM7efa8wom9AR9iyVNEEdFotDZ+TcKkMSp8qWNGSh/p4oaKL1NIlsZ0LNWK96c/E/r5ebuBkWXGa5QcmWi+JcEJOS+ddkyBUyI6aWUKa4vZWwMVWUGZuNa0PwV19eJ8Fl46bh1VvNMosqnMIZXIAP19CCO2hDAAwQXuAN3p0n59X5WDZWnHLiBP7A+fwBgQGLWA==</latexit>

5
<latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit><latexit sha1_base64="53wP3H8fSgE6nUXKV51u6F9BbxQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOqVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3Wbl5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/r84yC</latexit>

a1<latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit><latexit sha1_base64="p8wV3kcgcoa2TK3q+RoicIuO2t4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSPe17/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAje8surxL+oX9fdu8tas1GkUYYTOIVz8OAKmnALLfCBwRCe4RXeHOm8OO/Ox6K15BQzx/AHzucPUy6NUg==</latexit>

1
<latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit><latexit sha1_base64="so8jVT+03vYDznU6WPs7xEkNJp0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1vH6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZTc1tX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifP+XnjH4=</latexit>

2
<latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit><latexit sha1_base64="dzoiIcpFB7ftwZBNDbjU9F0eAj4=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHhswdhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1FipXR+UK27VXYCsk1pOKpCjNSh/9YcxSyOUhgmqda/mJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQkbfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCLXVl9eJV6/eVN32VaXZyNMowhmcwyXU4BqacAct8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w/naox/</latexit>

T
<latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit> T

<latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit>w2<latexit sha1_base64="kOhmU7VHfNJcFNEzaBsifxFWnhA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8SrV6+q7u1FpdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3YfjWk=</latexit><latexit sha1_base64="kOhmU7VHfNJcFNEzaBsifxFWnhA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8SrV6+q7u1FpdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3YfjWk=</latexit><latexit sha1_base64="kOhmU7VHfNJcFNEzaBsifxFWnhA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8SrV6+q7u1FpdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3YfjWk=</latexit>
n2<latexit sha1_base64="mMJoLzjNXjIFjfnotpEZrtpIORw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpXvXr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPaHKNYA==</latexit><latexit sha1_base64="mMJoLzjNXjIFjfnotpEZrtpIORw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpXvXr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPaHKNYA==</latexit><latexit sha1_base64="mMJoLzjNXjIFjfnotpEZrtpIORw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpXvXr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPaHKNYA==</latexit> w3

<latexit sha1_base64="uQBvqNeSy8SUiMLpmieMZ04oIzA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql33itX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3duLSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3eijWo=</latexit><latexit sha1_base64="uQBvqNeSy8SUiMLpmieMZ04oIzA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql33itX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3duLSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3eijWo=</latexit><latexit sha1_base64="uQBvqNeSy8SUiMLpmieMZ04oIzA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql33itX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3duLSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3eijWo=</latexit>

n3
<latexit sha1_base64="/rXBRGiaKD9d9ACZoQ/U6+vY8uM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3oXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fafWNYQ==</latexit><latexit sha1_base64="/rXBRGiaKD9d9ACZoQ/U6+vY8uM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3oXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fafWNYQ==</latexit><latexit sha1_base64="/rXBRGiaKD9d9ACZoQ/U6+vY8uM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokK1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3oXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu8tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fafWNYQ==</latexit>

3
<latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit>

w4<latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit><latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit><latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit> T
<latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit>

n4<latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit><latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit><latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit>

R2
<latexit sha1_base64="fMvFQK6uNufZAgARdhGR/EHqPzg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiV+rXpVdW8vKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPz3mjUQ=</latexit><latexit sha1_base64="fMvFQK6uNufZAgARdhGR/EHqPzg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiV+rXpVdW8vKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPz3mjUQ=</latexit><latexit sha1_base64="fMvFQK6uNufZAgARdhGR/EHqPzg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiV+rXpVdW8vKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPz3mjUQ=</latexit>

R3
<latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit><latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit><latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit>

R4
<latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit><latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit><latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit>

w5
<latexit sha1_base64="8u9GXLbQlu/y37ATFpLxHYC8b/k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql30StX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3dvzSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3qojWw=</latexit><latexit sha1_base64="8u9GXLbQlu/y37ATFpLxHYC8b/k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql30StX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3dvzSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3qojWw=</latexit><latexit sha1_base64="8u9GXLbQlu/y37ATFpLxHYC8b/k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsd4KXjxWtLbQhrLZTtqlm03Y3Sgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMWyyWMSqHVCNgktsGm4EthOFNAoEtoLR9dRvPaLSPJb3ZpygH9GB5CFn1Fjp7ql30StX3Ko7A1kmXk4qkKPRK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhDU/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q15V3dvzSr2Wp1GEIziGU/DgEupwAw1oAoMBPMMrvDnCeXHenY95a8HJZw7hD5zPH3qojWw=</latexit>

T
<latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit>

n5
<latexit sha1_base64="opo/5xcgoGWEn7cALcRv8uFB92Y=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3qXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fbPuNYw==</latexit><latexit sha1_base64="opo/5xcgoGWEn7cALcRv8uFB92Y=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3qXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fbPuNYw==</latexit><latexit sha1_base64="opo/5xcgoGWEn7cALcRv8uFB92Y=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Koko1lvBi8eKxhbaUDbbTbt0swm7E6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+HoZuq3nrg2IlEPOE55ENOBEpFgFK10r3qXvUrVrbkzkGXiFaQKBZq9yle3n7As5gqZpMZ0PDfFIKcaBZN8Uu5mhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbQje4svLxD+vXdfcu4tqo16kUYJjOIEz8OAKGnALTfCBwQCe4RXeHOm8OO/Ox7x1xSlmjuAPnM8fbPuNYw==</latexit>

R5
<latexit sha1_base64="DxF02qxKIigdk+nX6jqjtQnumNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsd4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q530StX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW/PK416nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwBCb41H</latexit><latexit sha1_base64="DxF02qxKIigdk+nX6jqjtQnumNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsd4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q530StX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW/PK416nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwBCb41H</latexit><latexit sha1_base64="DxF02qxKIigdk+nX6jqjtQnumNw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsd4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q530StX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW/PK416nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwBCb41H</latexit>

Fig. 3. A realization of the notification time service process.
Customer 2 is notified after the end of job 1; therefore,
moving back w2 does not do anything. Moving back w3

would increase the wait time of customer 4, but customer
5’s waiting time is unaffected.

The first inequality is an application of Jensen’s inequality;
it follows since the Xm−1 is independent of Sm−1. The
second inequality follows as the optimal unconstrained cost
must be less than or equal to its constrained counterpart.
Notice that in the line following, we know that b∗m = âm
due to Lemma III.2; thus, we are able to re-parameterize
b as wm = bm − T since wm ≥ 0 for m > 2 at
optimum (recall w2 is allowed to be negative). Denote
OPTtemp := minw

∑n
m=2 E[α(Xm−1−wm−T )++β(wm+

T − Xm−1)
+]. In particular, we can observe that using

ŵm = b∗m − T achieves OPTtemp. We use this fact to
prove that OPTstatic ≥ ˆOPT simple using some algebraic
manipulation:

OPTtemp ≥
n∑

m=2

E[α(Xm−1 − (min(ŵm, Xm−1) + T ))+

+ β(min(ŵm, Xm−1) + T −Xm−1)
+]

= ˆOPT simple

Note that this inequality is true for any valid wm, not just
the optimal ŵm. Note that ˆOPT simple ≥ OPTsimple and
OPTsimple ≥ OPTdynamic are true by construction.

B. SGD for Dynamic Appointment Scheduling

Like the static variant, the dynamic algorithm uses SGD for
optimizing the warning time parameters w that determine
the notification times. The IPA calculation of the gradient
is slightly different from the static case. Although the non-
convexity of the problem means that the SGD scheme with
any fixed K vector is no longer guaranteed to converge to a
global minimum, SGD does converge to a critical point [3].

Let us first look at Figure 3 and examine some cases that
outline how the sample gradient is calculated. Case 1:
observe that w2 takes place after the end of job 1. Con-
sequently, increasing w2 by δ � 1 does not affect any
outcome. Therefore, ∂C/∂w2 = 0. Case 2: if we increase
w3 by δ � 1, then the idle time between jobs 2 and 3
increases. Customer 4 also has to wait longer than before,
but customer 5 is unaffected because his notification time
occurs during job 4, which has not happened yet. Therefore,
∂C/∂w3 = α + β. Note that because customer 3 does not
incur any wait cost, perturbing w3 does change the start
time of job 3 and thereby increases the waiting costs of the
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3
<latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit><latexit sha1_base64="EADLIJA2zCv/6TFll4aj8/S1VPQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsN4KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUvOyVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhPVggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68S/6J6U3WbV5V6LU+jCCdwCufgwTXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/o7YyA</latexit>

w4<latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit><latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit><latexit sha1_base64="VTzj3onoUTohvVLyE4baMg9Rnx4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mlYL0VvHisaGyhDWWz3bRLN5uwO1FK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHj0YOJUM+6xWMa6E1DDpVDcQ4GSdxLNaRRI3g7G1zO//ci1EbG6x0nC/YgOlQgFo2ilu6d+vV+uuFV3DrJKajmpQI5Wv/zVG8QsjbhCJqkx3ZqboJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGDb8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjaE2vLLq8S7qF5V3dt6pdnI0yjCCZzCOdTgEppwAy3wgMEQnuEV3hzpvDjvzseiteDkM8fwB87nD3kljWs=</latexit> T
<latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit><latexit sha1_base64="Kri0iQ5fvtwVcZxRlf0b8sqLRAQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFsN4KXjy20NhCG8pmO2nXbjZhdyOU0F/gxYOKV/+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJg45TxdBjsYhVN6AaBZfoGW4EdhOFNAoEdoLJ3dzvPKHSPJZtM03Qj+hI8pAzaqzUag/KFbfqLkDWSS0nFcjRHJS/+sOYpRFKwwTVuldzE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IR1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2hNrqy+vEu6reVt3WdaVRz9MowhmcwyXU4AYacA9N8IABwjO8wpvz6Lw4787HsrXg5DOn8AfO5w8a34yh</latexit>

n4<latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit><latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit><latexit sha1_base64="+sISK0Ep93YkalaE//21GCrTFT8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSvepf9qs1t+7OQVaJV5AaFGj1q1+9QcKymCtkkhrT9dwUg5xqFEzyaaWXGZ5SNqZD3rVU0ZibIJ+fOiVnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBHkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vEv+ifl137y5rzUaRRhlO4BTOwYMraMIttMAHBkN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/a3iNYg==</latexit>

R3
<latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit><latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit><latexit sha1_base64="EYGjRYrvBN6YBon+Bmu0sX4pHo8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVsN4KXjzWj9hCG8pmO2mXbjZhdyOU0J/gxYOKV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RRWVtfWN4qbpa3tnd298v7Bo45TxdBjsYhVO6AaBZfoGW4EthOFNAoEtoLR9dRvPaHSPJYPZpygH9GB5CFn1Fjp/q533itX3Ko7A1kmtZxUIEezV/7q9mOWRigNE1TrTs1NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE9b9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQaosvLxPvrHpVdW8vKo16nkYRjuAYTqEGl9CAG2iCBwwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwA/aY1F</latexit>

R4
<latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit><latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit><latexit sha1_base64="P7gKBZmoJufYrl35oesqUmV3DVU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHisH7GFNpTNdtIu3WzC7kYopT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWj65nfekKleSIfzDjFIKYDySPOqLHS/V2v1itX3Ko7B1klXk4qkKPZK391+wnLYpSGCap1x3NTE0yoMpwJnJa6mcaUshEdYMdSSWPUwWR+6pScWaVPokTZkobM1d8TExprPY5D2xlTM9TL3kz8z+tkJqoHEy7TzKBki0VRJohJyOxv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8JZfXiX+RfWq6t7WKo16nkYRTuAUzsGDS2jADTTBBwYDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0DsjUY=</latexit>

a2<latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit><latexit sha1_base64="azSR3pGuTWZFxouMeBl7+oh8TDY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRrLeCF48VjS20oWy2m3bpZhN2J0IJ/QlePKh49R9589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB0/miTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3FtRKIecJLyIKZDJSLBKFrpnvbr/UrVrblzkFXiFaQKBVr9yldvkLAs5gqZpMZ0PTfFIKcaBZN8Wu5lhqeUjemQdy1VNOYmyOenTsm5VQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wagS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surxK/Xrmvu3WW12SjSKMEpnMEFeHAFTbiFFvjAYAjP8ApvjnRenHfnY9G65hQzJ/AHzucPVLGNUw==</latexit> d
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Fig. 4. Another realization of the notification time service
process. Moving w3 does not affect the total idle time
because job 3 is not apart of the last chain, but moving
back w4 would increase total idle time. Overtime works
similarly provided that the end time of the last job ends
after d. Perturbing the last chain (i.e., job 4) is the only
way that over time can increase. a2 indicates that w2 was
used to simulate a static appointment (see III)

customers after it. Case 3: Increasing w4 and w5 decreases
the wait time of the 4th and 5th customer respectively, so that
∂C/∂w4 = ∂C/∂w5 = −α. Note that because customers 4
and 5 incur some waiting cost, increasing w4 and w5 can
only decrease the waiting cost of those customers. Now,
looking at Figure 4, Case 4: we see that perturbing w3 does
not affect the idle costs or overtime costs: ∂C/∂w3 = 0.
Case 5: perturbing w4 affects both idle and overtime cost:
∂C/∂w4 = β+γ. We can observe that the idle cost changes
only if perturbing wj changes the end time of the last job of
the day.

To define the gradient in general, we define a new indicator
random variable Zj = 1{wj ≥ XK(j)}; this indicator is
useful for handling situations outlined in Case 1. As before,
we use Hj = 1 if job j incurs no wait cost (the head of a
chain) and Pj as the number of jobs (not including job j)
affected by perturbing wj (number of other jobs in the job
j’s chain). In particular, wj affects the start time of job i if
Zj = 0, i > j, job j incurs no wait cost, jobs j + 1, . . . , i
all incur some waiting cost and the ith customer has been
warned before the start of the jth job, K(i) < j. Let Lj be
the indicator that changing wj affects the start time of the
last job. Notice that perturbing wj affects the overtime cost
only if Lj = 1 and the last job ends after d. We will again
use O as the indicator that the last job goes over d. In all,
the sample gradient is:

∂C

∂wj
= (1− Zj)[Hj(αPj + βLj + γLjO)− (1−Hj)α]

As a heuristic, we generally set ∂C/∂wj = ε when Zj = 1
for some ε > 0 to prevent the SGD from getting stuck in
flat spots. A positive ε can also be thought of as a penalty
for overestimating the duration of the K(j)th job.

There are three variants of the SGD algorithm: brute force
K-mapping optimization (BK-NT-SGD), fixed K-mapping
optimization (FK-NT-SGD), or an adjustable K-mapping
optimization (AK-NT-SGD). As the name suggests, the brute
force K-mapping optimization performs SGD on all valid K-
mappings. It calculates the empirical cost of the converged
warning times for each K-mapping and returns the lowest
cost K-mapping and warning time pair. While this takes
care of the problem of K-mapping, this search is over an
exponential number of K-mappings, so we also present two
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Fig. 5. The simple K-mapping does poorly; the “Other”
K-mapping ([−1, 1, 1]) matches the static appointment
scheme. Choosing ε = 0.1 leads to convergence. AK-NT-
SGD is able to find the best K-mapping T = 200

approximate versions of the brute force algorithm. The fixed
K-mapping version optimizes w for a fixed K-mapping; the
default choice of K-mapping that we use is the simple K-
mapping. The adjustable K-mapping algorithm decrements
K(j) if wj becomes smaller than λ > 0 and increments it if
wj becomes larger than the 100− ζth percentile of the ran-
dom variable XK(j) for ζ ≥ 0; λ and ζ are hyperparameters.
We use the simple K-mapping to initialize the AK-NT-SGD
algorithm.

IV. EMPIRICAL RESULTS

In Subsection IV-A, we will begin with a toy schedule of
3 uniformly distributed jobs to demonstrate the importance
of K-mapping and choice of T . Next, we evaluate the
performance of our scheduling algorithms on a single queue
of sample-based bimodal distribution that mimics what a
true job duration may look like for various α, β, γ, and
T . In Subsection IV-B, we repeat the sample-based bimodal
experiment on a real hospital operating room schedule. We
then demonstrate cost savings of the warning time scheme
against the static scheme on over a years worth of real
operating room schedules.

A. Results on synthetic data

We begin with a schedule of three independent uniformly
distributed jobs. We fix α = 1, β = 3 and γ = 1.5 because
we prioritize the agent’s time more than customer waiting
time. We compare the static appointment cost against the
notification time cost in Figure 5 with lead time T = 200
and in Figure 6 with a shorter lead time T = 10. We plot the
average cost incurred by the schedules on 1000 sampled job
duration vectors. We also form a 95% confidence interval on
the sample average cost. We can see that these plots corrob-
orate the findings described in Theorem 2. Only when T is
short enough is the simple K-mapping able to outperform
the static scheme.
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Fig. 6. The simple K-mapping outperforms the static
appointment scheme. T = 10
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Fig. 7. The simple K-mapping outperforms the static
appointment scheme; however, the simple K-mapping is
not optimal. T = 10

Next we look at a schedule of 5 sample-based bimodally
distributed jobs. Each job distribution is created out of 100
samples from a “true” bimodal distribution: 70% of the
data points are generated from a N (60, 25) distribution and
the other 30% of data is generated from a N (120, 25);
negative samples are thrown out. The cost function is then
evaluated on 1000 held out samples from the “true” bimodal
distribution and a 95% confidence interval is also formed.
This setup is more realistic because the bimodal distribution
is similar to how jobs, such as surgeries, are distributed.
Additionally, in practice, we would most likely only have
access to a limited history of realizations. We again choose
the cost parameters α = 1, β = 3 and γ = 1.5. We plot
the cost as a function of iteration of the SGD algorithm
in Figure 7. Note that even though Theorem 2 does not
hold (because γ > 0), the dynamic appointment scheme still
outperforms the static appointment scheme.

It is clear that the choices of α, β, γ, T have a large impact
on how well the notification time scheme works. So for a
variety of choices of α, β, γ, T , we calculate the optimal
static appointments and run all three variants of notification
time SGD on the 5 sample-based bimodally distributed jobs.



α β γ T SA FK-NT BK-NT AK-NT

1.0 3.0 1.5 40 196.7 113.8 113.8 113.8
1.0 3.0 1.5 80 196.7 225.8 165.7 165.7
1.0 3.0 1.5 120 196.7 555.7 165.7 196.0
3.0 1.0 1.5 40 269.0 230.9 230.9 230.9
3.0 1.0 1.5 80 269.0 246.9 245.8 248.2
3.0 1.0 1.5 120 269.0 339.7 260.6 260.6
1.0 1.5 3.0 40 187.5 128.9 128.9 128.9
1.0 1.5 3.0 80 187.5 202.4 177.6 177.6
1.0 1.5 3.0 120 187.5 511.1 177.6 211.0
1.0 1.0 1.0 40 140.5 97.0 97.0 97.0
1.0 1.0 1.0 80 140.5 126.2 126.2 139.9
1.0 1.0 1.0 120 140.5 249.5 139.2 139.2

Fig. 8. Best cost on 12 different α, β, γ, T combinations
on 5 sample bimodal random variables after choosing the
lowest cost solution for each of the 4 algorithms from 5
trials (d = 420).

These results can be found in Table 8. In each of these
examples, even AK-NT-SGD may not always find the best
K-mapping and warning time pair, it still generally performs
better than the static appointment scheme.

B. Results on hospital operating room data

We look at one year of operating room (OR) data from a
real hospital to see how our algorithm leads to cost savings.
We use our data set to form an oracle. When we query
the oracle for the duration of a surgery of a certain type,
the oracle randomly selects a surgery of the same type and
returns the duration of that particular surgery. We again test
our algorithms for various choices of realistic α, β, γ, and T
with 5 randomly initialized trials on one real operating room
schedule from our data set; the best performing result from
each algorithm can be found in Table 9. In this experiment,
the optimal K-mapping outperforms the static cost. Again,
even though many times AK-NT-SGD is unable to arrive
at optimal K-mapping, it still often outperforms the static
appointment scheme and the simple K-mapping scheme.

Next, we obtain 345 real operating room schedules from the
data set. These schedules are selected because each 1) have
at least 3 surgeries scheduled and 2) only include surgery
types which have at least 20 previous observations. We use
the realistic parameters: α = 1, β = 3, γ = 1.5, T = 60 min,
and d = 7 hours × 60 min. For every schedule, we run the
SA-SGD, AK-NT-SGD, and FK-NT-SGD algorithms each
3 times. For each of these OR schedules, we calculate the
percent cost saved by using the best performing notification
schedule (i.e., the better of the returned AK-NT-SGD and
FK-NT-SGD schedules) in place of the optimal static sched-
ule. These results are shown in Figure 10. The average cost
savings is 9.8%; the median cost savings is 9.2%. In only
16 of the 345 schedules did the notification scheme perform
worse than the static scheme by more than 1%.

α β γ T SA FK-NT BK-NT AK-NT

1.0 3.0 1.5 30 119.9 122.7 91.4 100.7
1.0 3.0 1.5 60 119.9 299.6 106.7 106.8
1.0 3.0 1.5 90 119.9 700.5 111.3 130.2
3.0 1.0 1.5 30 132.5 105.6 105.6 125.2
3.0 1.0 1.5 60 132.5 150.7 114.9 164.3
3.0 1.0 1.5 90 132.5 327.7 130.6 149.3
1.0 1.5 3.0 30 92.3 82.8 74.4 74.4
1.0 1.5 3.0 60 92.3 167.1 78.8 85.1
1.0 1.5 3.0 90 92.3 498.3 87.3 87.7
1.0 1.0 1.0 30 76.9 65.1 63.7 64.1
1.0 1.0 1.0 60 76.9 116.9 65.3 74.5
1.0 1.0 1.0 90 76.9 275.1 71.6 74.3

Fig. 9. Best cost from on 12 different α, β, γ, T combi-
nations on 6 real operating room surgery duration random
variables after choosing the lowest cost solution for each
of the 4 algorithms from 5 trials (d = 420 minutes). T is
realistic, ranging from 30 to 90 minutes.
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Fig. 10. For 345 realizations of operating rooms in our
validation set, we calculate the cost saved by using the
AK-NT-SGD scheme as opposed to the SA-SGD scheme.
We then compile a histogram of the cost savings. α = 1,
β = 3, γ = 1.5, T = 60; d = 7 hours × 60 min = 420

V. CONCLUSION

In this paper, we modeled the static appointment problem as a
minimization of a linear combination of expected wait cost,
idle cost, and overtime cost, and we demonstrate that this
function is convex with bounded gradients. We approached
the appointment scheduling problem with a stochastic gra-
dient descent algorithm and showed that the method will
converge to the optimum at a rate of O(log(t)/

√
t). Next,

we introduced the concept of notification times as a new
way of dynamically approaching the appointment schedul-
ing problem. We modified the SGD algorithm to suit this
problem and constructed a warning time schedule which
provably outperforms the static appointment scheme under
certain conditions. Moreover, we empirically demonstrated
on synthetic and on real hospital OR data that the dynamic
scheme generally creates lower cost schedules than the
optimal static scheme.



There is still much to explore in these two problem variants.
Our work addresses the problem of scheduling jobs in a
fixed order; the next step would be to integrate finding the
optimal ordering of the jobs into the SGD algorithm. Another
open question is whether the dynamic scheme can provably
outperform the static scheme for all choices of lead times.
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